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Abstract

We study the trade-off between rate of convergence and robustness to gradient errors
in designing a first-order algorithm. In particular, we focus on gradient descent (GD) and
Nesterov’s accelerated gradient (AG) method for strongly convex quadratic objectives when the
gradient has random errors in the form of additive white noise. To characterize robustness, we
consider the asymptotic normalized variance of the centered iterate sequence which measures
the asymptotic accuracy of the iterates. Using tools from robust control theory, we develop
a tractable algorithm that allows us to set the parameters of each algorithm to achieve a
particular trade-off between these two performance objectives. Our results show that there is
a fundamental lower bound on the robustness level of an algorithm for any achievable rate.
For the same achievable rate, we show that AG with tuned parameters is always more robust
than GD to gradient errors. Similarly, for the same robustness level, we show that AG can be
tuned to be always faster than GD. Our results show that AG can achieve acceleration while
being more robust to random gradient errors. This behavior is quite different than previously
reported in the deterministic gradient noise setting.

1 Introduction
For many large-scale convex optimization and machine learning problems that involve large amounts
of data, first-order methods have been the leading computational approach because of their cheap
iterations and mild dependence on the problem dimension and data size. The typical analysis
of first-order methods assumes the availability of exact gradient information and focuses on the
rate of convergence to the optimal solution as the main performance criterion. However, in many
applications, the gradient contains deterministic or stochastic errors either because the gradient
is computed by solving an auxiliary optimization problem [9], or the method itself involves errors
with respect to full gradient as in standard incremental gradient, the classical Robbins-Monro,
stochastic gradient, and stochastic approximation methods [22, 25, 2, 3]. When there are per-
sistent errors in gradients, the iterates do not converge and could oscillate in a neighborhood of
the optimal solution or even diverge [2, 3, 9, 14]. This makes robustness of the algorithms to
gradient errors (in terms of solution accuracy) another important performance objective [9, 16]. In
particular, even though accelerated gradient methods proposed by Nesterov converges faster than
gradient descent (GD) in the absence of noise for convex problems [20], it was shown that they are
less robust to errors, i.e., accelerated methods require higher precision gradient information than
GD to achieve the same solution accuracy [9, 7, 14, 26].

In this paper, we study the trade-off between rate of convergence and robustness to gradient
errors in designing a first-order algorithm. In particular, we focus on GD and Nesterov’s acceler-
ated gradient (AG) method for quadratic objectives when the gradient has stochastic errors and
investigate how to set the parameters of each algorithm to achieve a particular trade-off between
these two performance objectives. To study this question systematically, we employ tools from
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control theory whereby we represent each of the algorithms as dynamical systems. This approach
has attracted recent attention and has already led to a number of insights for the design and
analysis of optimization algorithms [19, 17, 28, 6, 13, 28, 18]. The novelty of our work is to use
this approach to provide explicit characterizations of robustness, which can then be placed in a
computationally tractable optimization problem to select the algorithm parameters in order to
systematically achieve a desired trade-off.

We focus on problems with a strongly convex quadratic objective function. For this case, the
rate of convergence of any of the two algorithms we study is given by the spectral radius of the
“state-transition" matrix in the dynamical system representation. To characterize robustness, we
consider the asymptotic normalized variance of the centered iterate sequence (output vector of the
dynamical system) which measures the asymptotic accuracy of the iterates. We show that this
limit is well-defined and is given by the H2 norm of the corresponding linear dynamical system.
H2 norm is a fundamental measure for quantifying robustness of a linear system to noise [29] and
admits various definitions and characterizations. We focus on a particular representation of the H2

norm in terms of the solution of the discrete Lyapunov equation which leads to explicit expressions
for GD and AG.

Our first set of results focuses on the GD method. The spectral radius of the state-transition
matrix corresponding to GD dynamics, hence the rate of convergence for GD, can be expressed in
terms of the smallest and largest eigenvalues of the matrix Q. We show that the H2 norm of the
linear system, our robustness measure for GD, admits a tractable characterization in terms of the
spectrum of Q. We use these explicit expressions within an optimization problem for selecting the
stepsize to minimize H2 norm subject to a given upper bound on the convergence rate. We also
show that there is a fundamental lower bound on the the robustness level of an algorithm for any
achievable rate ρ.

We next consider Nesterov’s AG method defined by two parameters: stepsize α and momentum
parameter β. We first characterize the stability region of the method, i.e., the values of nonnegative
(α, β) for which the spectral radius of the state-transition matrix is less than or equal to one. Similar
to GD, we then provide an explicit characterization of the H2 norm of a relevant dynamical system.
Our results show that AG is superior to the GD in the sense that AG can always achieve the same
rate with GD while being more robust to noise; similarly, AG can be tuned to be faster than
GD while achieving the same robustness level. This behavior is contrary to the AG and GD
comparison in the deterministic gradient error setting of [9] when the superiority of one method
against the other is not clear. These results show that the random and deterministic noise settings
have different behavior.

In addition to the above cited papers, our paper is related to the analysis of the first order
methods with inexact gradients subject to random noise. Hu et. al. [18] analyzes the stochastic
gradient method under deterministic noise and study the effect of the stepsize on the convergence
rate and the asymptotic neighborhood of convergence. Devolder et al. [9] considers a general inex-
act first-order oracle and provides complexity estimates for GD and AG methods, and highlights
the interesting phenomenon that superiority of accelerated methods over the classical ones may
not hold with inexact oracles. In another manuscript [8], the authors design a method with inter-
mediate speed and intermediate sensitivity to this inexact oracle which can model deterministic
gradient errors, however they are not applicable to random additive gradient errors that is more
suitable in a number of settings in machine learning [16, 1, 24].

Notation. The d×d identity matrix and zero matrix are denoted by Id and 0d, respectively. We
define diag(a1, ..., ad) as the diagonal matrix with diagonal entries a1, ..., ad. For matrix A ∈ Rd×d,
Tr(A) denotes the trace of A. The spectral radius of A is defined as the largest absolute value of
its eigenvalues and is denoted by ρ(A). We say that a square matrix A is discrete-time stable, if all
of its eigenvalues lie strictly inside the unit disc, i.e., if ρ(A) < 1. We let δ[k] denote the Kronecker
delta function, i.e., δ[0] = 1 and δ[k] = 0 for any positive integer k. For scalars 0 < µ ≤ L, we
define Sµ,L(Rd) as the set of continuously differentiable functions f : Rd → R that are strongly
convex with modulus µ and having Lipschitz-continuous gradients with constant L. We use the
superscript > to denote the transpose of a vector or a matrix depending on the context. The ratio
κ = L

µ is called the condition number of f . The gradient ∇f is represented as a column vector.
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2 Optimization Algorithms as Dynamical Systems
A discrete-time linear dynamical system with a feedback rule φ can be expressed as

xk+1 = Axk +Buk, yk = Cxk +Duk, uk = φ(yk), (1a)

for k ≥ 0, where xk ∈ Rm is the state, uk ∈ Rd is the input, yk ∈ Rd is the output – all represented
by column vectors. The matrices A,B,C, and D are called the system matrices; they are fixed
matrices with appropriate dimensions. The function φ : Rd → Rd defines the feedback rule that
relates the output of this system to its input.

Iterations of many standard optimization algorithms for minimizing a function f ∈ Sµ,L(Rd)
such as GD and AG and the heavy-ball methods admit such a dynamical system representation
with φ(y) = ∇f(y). Consider the GD method for a smooth optimization problem miny∈Rd f(y)
where f ∈ Sµ,L(R). The GD iterations with a constant stepsize α > 0 take the following form:

xk+1 = xk − α∇f(xk) (2)

which can be cast as (1) by setting uk = ∇f(yk) and letting

A = Id, B = −αId, C = Id, D = 0d. (3)

Another example would be Nesterov’s AG method, which computes the iterates as follows:

vk+1 = yk − α∇f(yk), yk = (1 + β)vk − βvk−1. (4)

Substituting yk from the second equation into the first in (4) and defining the state vector xk to
be

xk =
[
v>k v>k−1

]>
, (5)

AG iterations can be rewritten as in (1), where

A =

[
(1 + β)Id −βId

Id 0d

]
, B =

[
−αId

0d

]
, C =

[
(1 + β)Id −βId

]
, D = 0d. (6)

In this work, we study the performance of optimization algorithms under additive gradient error
which has been commonly used in the literature (see e.g. [23, 9, 4]). Instead of the actual gradient
∇f(xk), the assumption is that we have access to a noisy version ∇f(xk) + wk where wk ∈ Rd
represents the additive noise. In the language of dynamical systems, the noisy iterations of the
GD and AG algorithms could be stated as

xk+1 = Axk +B(uk + wk), yk = Cxk, uk = ∇f(yk), (7)

where A, B and C are selected according to (3) for GD or (6) for AG, and D = 0. Although our
focus in this paper will be primarily on GD and AG dynamics under noise, it will be clear from our
discussion that our ideas naturally extends to many other algorithms that admit such a dynamical
system representation including the heavy-ball and the robust momentum methods [6, 19, 17].

In the rest of the paper, we focus on problems with a strongly convex quadratic function. That
said, in work subsequent to this paper, we extend our framework to the strongly convex functions
which will be the topic of the follow-up work [12].

3 Quadratic Functions
Let f ∈ Sµ,L(Rd) be a quadratic function given by f(y) = 1

2y
>Qy− p>y+ r where Q is symmetric

and positive definite with eigenvalues {λi}di=1 listed in increasing order satisfying µ = λ1 ≤ λ2 ≤
· · · ≤ λd = L. The gradient of f is given by ∇f(y) = Qy− p = Q(y− y∗), where y∗ = Q−1p is the
optimal solution to miny∈Rd f(y) (which is unique due to the strong convexity of f). Plugging the
formula for the gradient ∇f(yk) into (7), we obtain

xk+1 = (A+BQC)xk −BQy∗ +Bwk, yk = Cxk. (8a)
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Given A, B, and C as in (3) for GD and as in (6) for AG, both GD and AG admit a fixed-point
x∗ satisfying x∗ = Ax∗, y∗ = Cx∗. By defining ỹk := yk − y∗ and ξk := xk − x∗ and substituting
these two variables in (8) yields

ξk+1 = AQξk +Bwk, ỹk = Cξk. (9)

where AQ is the state-transition matrix given by

AQ = A+BQC. (10)

In the absence of noise (when wk ≡ 0), if the spectral radius of the AQ matrix is less than one,
then we clearly have ξk → 0 and ỹk → 0 linearly.

3.1 Performance metric under gradient noise
Our goal is to introduce a performance measure for evaluating the asymptotic behavior of the
output ỹk of the dynamical system given in (9) (and hence that of the output of the correspond-
ing optimization algorithm modeled by the dynamical system) under random gradient noise. In
particular, assume the additive noise {wk} is a sequence of zero-mean independent and identically
distributed random variables with covariance matrix E(wkw

T
k ) = σ2Id for some scalar σ > 0. Such

noise structure is a natural one arising in the context of stochastic optimization problems [22],
for instance in large-scale least-square problems when wk has structured randomness [14]. In the
special case, when wk is Gaussian, the state and the output is also Gaussian. This setting arises
in the context of differentially private gradient descent algorithms for convex empirical risk min-
imization [1] as well as the Euler-Mariyama discretization of the overdamped and underdamped
Langevin dynamics [5, 10] in the context of Monte Carlo Markov Chain (MCMC) methods and
generalization properties of machine learning algorithms (see e.g. [24, 27]).

As the additive noise wk is centered with zero mean in our setting, by taking expectation of both
sides of (9), we obtain: E[ξk] = AkQ ξ0, E[ỹk] = C E[ξk] = CAkQ ξ0. Therefore, both sequences
{E[ξk]}k and {E[ỹk]}k converge to zero with a linear rate ρ(AQ) that is determined by the spectral
radius of AQ. However, due to the noise injected at each step, the limit of the output sequence
{ỹk} will oscillate around the optimal solution with a non-zero variance. A natural performance
measure is then to study the asymptotic normalized variance by considering the following limit:

J := lim
k→∞

1

σ2
E(ỹ>k ỹk) (11)

which (if it exists) measures the asymptotic accuracy of the iterations. This quantity can be viewed
as the robustness to noise of the system because it is equal to the ratio of the power of the output
to the power of the input noise, measuring how much a system amplifies input noise. In particular,
the smaller this measure is, the more robust a system is under additive random noise.

The limit in (11) is studied in standard H2 theory arising in the robust control of dynamical
systems (see e.g. [15]). It is a well-known fundamental measure for quantifying the robustness of
a linear system to noise in control engineering and has been a key metric to design the parameters
of control systems subject to noise.1 It can be shown that the limit J in (11) exists and is exactly
equal to the square of the H2 norm of the linear dynamical system (9). We give a proof of this
known fact in Lemma A.1 in the appendix for the sake of completeness.

This motivates us to design the parameters of the GD and AG methods in a way to find a trade-
off between the H2 norm (which measures the robustness to random noise) and the convergence
rate. We next introduce preliminary material on the H2 norm and its computation upon which
our framework builds. We will denote the H2 norm of a system, defined by the system matrices
(AQ, B,C), as H2(AQ, B,C) (with dependence on the matrices AQ, B,C removed when clear). It
is known that the square of the H2 norm can be computed by the following formula

J = H2
2 = Tr(CXC>) (12)

where X solves the discrete Lyapunov equation2

AQXA
>
Q −X +BB> = 0. (13)

1The H2 norm can also be defined in the frequency domain, see e.g. [29] for more information.
2The value of J = H2

2 can also be computed as Tr(B>X̃B) where X̃ solves A>QX̃AQ − X̃ + C>C = 0.
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(see e.g. [15, 29]). Moreover, if BB> is positive definite and AQ is discrete-time stable (when
ρ(AQ) < 1), the solution admits the formula below (see e.g. [29])3

X =

∞∑
k=0

(A>Q)kB>BAkQ. (14)

Next we focus on the GD and AG algorithms, discuss the dependence of their convergence rate
and robustness levels (H2 norm) on the parameters (stepsize α and momentum β) and show how to
formulate an optimization problem that takes both robustness and convergence rate into account
simultaneously.

3.2 Gradient descent (GD) method
For the dynamical system representation of GD, choosing the A,B,C as in (3) which leads to

E[ξk+1] = AQE[ξk], with AQ = Id − αQ

where AQ is given by (10). Using this representation, it is easy to see that the GD iterations
converge linearly in expectation, i.e., ‖E[ξk]‖ ≤ ρkξ0, where

ρ(α) = ρ(AQ) = ‖AQ‖ = max{|1− αµ|, |1− αL|} (15)

is the convergence rate of the deterministic GD algorithm [2]. We remind that α ∈ (0, 2/L) is a
necessary condition for global linear convergence (otherwise ρ ≥ 1). In particular, it is well-known
that the fastest rate is achieved for the stepsize

ᾱ := arg min
α≥0

ρ(AQ) =
2

µ+ L
(16)

which leads to a convergence rate of ρ̄ = 1 − 2
κ+1 . The choice of the stepsize not only affects the

rate (see (15)) but also the robustness of the GD algorithm to gradient noise (H2 norm). The
following theorem provides an analytical formula for this dependency as a function of the stepsize.

Proposition 3.1. Let f be a quadratic function of the form f(y) = 1
2y
>Qy − p>y + r. Consider

the GD iterations given by (2) with constant stepsize α ∈ (0, 2/L) . Then the square of the H2

norm of the corresponding linear system (9) with system matrices selected according to (3) is given
by

H2
2 (α) = α2

d∑
i=1

1

1− (1− αλi)2
(17)

where 0 < µ = λ1 ≤ λ2 ≤ ...λd = L are the eigenvalues of Q.

Having explicit expressions for both convergence rate and robustness to noise (H2 norm) for
GD (see (15) and (17)), given a tolerance level ε > 0 on the optimal convergence rate ρ̄ = 1− 2

κ+1 , a
natural approach to account for the trade-off between these two measures is to choose the stepsize
α that results in the most robust algorithm satisfying the rate constraints, i.e. optimizing

min
α∈(0,2/L)

H2(α) subject to ρ(α) ≤ (1 + ε)ρ̄. (18)

This problem is equivalent to the following convex problem for ε ∈ [0, 2
κ−1 ) (which ensures that the

upper bound on the rate is less than one and the optimization problem (18) admits a solution):

min
α∈(0,2/L)

H2
2 (α) subject to

1

1− ρ2(α)
≤ 1

1− (1 + ε)2ρ̄2
. (19)

Indeed, 1/(1 − ρ2) is a nondecreasing convex function for ρ ∈ (0, 1) and ρ(α) is convex in α;
therefore, both 1/(1 − ρ(α)2) and H2

2 (α) in (17) is convex for α ∈ (0, 2
L ) and is increasing in α.

3In this paper we focus on the unstructured noise, i.e., when the noise covariance matrix is given by E(wkw>k ) =

σ2Id. However, if the noise covariance is structured and is known, i.e. E(wkw>k ) = C for some given positive
definite C, then this can also be handled similarly. We simply consider the Cholesky decomposition of C = LL>

and substitute wk = Lw̃k into (9), then the H2 norm of this system can be investigated by replacing B with BL in
the above formulas.
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Moreover, (19) satisfies the Slater condition. Thus, duality implies that there exists τ(ε) such that
the above minimization problem is equivalent to the following unconstrained problem:

α∗(τ) := arg min
α∈(0,2/L)

Fτ (α) := H2
2 (α) + τ

1

1− ρ2(α)
. (20)

The parameter τ > 0 determines the trade-off between rate and the stability. For small τ , the
dominant term in the cost would be H2

2 so that we expect the optimal stepsize to be small. On the
other hand, for large enough τ , the convergence rate is the dominant term in the cost; therefore, one
would expect the optimal stepsize (that solves the problem (20)) to be close to ᾱ which corresponds
to the fastest achievable rate ρ̄ (see (16)). In order to get more intuition about the effect of the
choice of the stepsize parameter, we next give an illustrative example in dimension d = 2 to show
the behavior of the optimal α∗(τ) as the tradeoff parameter τ is varied from zero to infinity. For
computational tractability, we consider the unconstrained version of the problem in (20).4

Example 3.2. In dimension d = 2, let τ = 5 and consider the parameters

µ = λ1 = 0.1 and L = λ2 = 1 with κ =
L

µ
= 10. (21)

Writing the terms appearing in the non-linear equations in Proposition C.1 under a common de-
nominator, both of the equality conditions can be reformulated as a polynomial root finding problem
in α for a polynomial with degree 4. The roots of polynomials can easily be found efficiently up
to arbitrary accuracy by calculating the eigenvalues of the corresponding companion matrix [11],
for instance using the roots function in Matlab. After a careful examination of all the roots,
we conclude that the optimal stepsize α∗ that minimizes the cost Fτ (α) is α∗ ≈ 1.43 with rate
ρ(α∗) ≈ 0.86 and robustness H2

2 (α∗) ≈ 10.3. This point is marked Figure 1 below which shows the
robustness level H2

2 as a function of the optimal convergence rate ρ when we change τ from zero
(corresponds to the rightmost point in the curve) to infinity (corresponds to the uppermost point in
the curve) for the parameters in (21).

Figure 1: Robustness to gradient noise in
terms of H2 norm as a function of ρ for GD.

Figure 2: The stability region S = S1∪S2∪S3

with parameters µ = 0.7 and L = 1.

Figure 1 illustrate the trade-off between the rate and robustness. When τ is very small, the
robustness is dominant in the cost function F , which leads to a smaller stepsize with improved
robustness but slower convergence. The fact that smaller stepsizes lead to improved robustness
has also been observed in the literature for both additive and multiplicative deterministic noise
[19, 13]. As τ grows, we achieve faster rate at the expense of a larger robustness level. In particular,
as τ goes to infinity; the optimal stepsize α∗(τ) → ᾱ = 2/(L + µ) which leads to the fastest rate
ρ̄ = 1− 2

κ+1 ≈ 0.8182. We see from Figure 1 that smaller values of ρ (or equivalently smaller values
of 1

1−ρ2 ) are accompanied by larger values of H2
2 . This suggests that the product H2

2
1

1−ρ2 cannot
be too small for any choice of the stepsize α. The next lemma shows that for a given achievable
rate ρ, there are some fundamental limits (lower bounds) to how robust the GD can be.

4In Proposition C.1 of the appendix, we derive the first-order conditions for α∗(τ) that allows it to be computed
up to arbitrary accuracy.
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Proposition 3.3. Under the assumptions of Proposition 3.1, the following inequality holds

H2
2 (α) ≥

(
1− ρ2(α)

) d∑
i=1

1

4λ2
i

(22)

for any choice of the stepsize α > 0 where ρ(α) is given by (15) and H2
2 (α) is given by (17).

3.3 Nesterov’s accelerated gradient (AG) method
As we discussed in Section 2, the dynamical system model of the Nesterov’s accelerated gradient
method admits the state vector (5) and the system matrices (6). This results in the iterations
stated in (9) for the system matrices AQ, B,C given by (6) and (10), i.e.,

AQ =

[
(1 + β)(Id − αQ) −β(Id − αQ)

Id 0d

]
, B =

[
−αId

0d

]
, C =

[
(1 + β)Id −βId

]
. (23)

In this section, we will formulate an analogous problem to (20) for the AG method to design the
parameters (α, β) in a way to find a trade-off between the rate and the robustness. Because AG
has the pair (α, β) as design parameters, the analogue of (20) is

(α∗, β∗) := arg min
(α,β)∈S

Fτ (α, β) := H2
2 (α, β) + τ

1

1− ρ(α, β)2
(24)

where H2
2 (α, β) is the square of the H2 norm for the system (9), ρ(α, β) is the convergence rate of

AG with parameters (α, β) and S is the set of all possible choices of the tuple (α, β) so that the
AG iterations are globally convergent, i.e.

S = {(α, β) : ρ(AQ) < 1, α ≥ 0, β ≥ 0} ⊂ R2. (25)

We call the set S, the stability region of AG, in analogy with the stability region of numerical
methods that arise in the discretization of continuous-time differential equations.

The optimization problem (24) finds the parameters that find a trade-off between the conver-
gence rate and the robustness for a given value of the trade-off parameter τ among all possible
choices of (α, β). Similar to the GD case, this requires an understanding of the convergence rate as
well as the robustness level for given any parameters (α, β) ∈ S. The convergence rate ρ of the AG
method as a function of α and β is well-known. Diagonalizing the AQ matrix using the eigenvalue
decomposition of Q, it can be shown after some computations that the rate ρ = ρ(α, β) admits the
following formula

ρ(α, β) = ρ(AQ) = max{ρµ(α, β), ρL(α, β)} (26)

where AQ is defined by (23) and ρλ is defined for λ ∈ {µ,L} as follows:

ρλ(α, β) =

{
1
2
|(1 + β)(1− αλ)|+ 1

2

√
∆λ if ∆λ ≥ 0√

β(1− αλ) otherwise
, ∆λ = (1 + β)2(1− αλ)2 − 4β(1− αλ) (27)

(see e.g. [19, Appendix A], [21, Section 4.3]). The explicit expression (26) for the rate allows us to
characterize the set S in the next proposition. We illustrate the set S in Figure 2.5

Proposition 3.4. Let S be the stability set of Nesterov’s accelerated method defined by (25). Then
its closure is given by the union of the following three sets:

S1 :=

{
(α, β) : 0 ≤ α ≤ 1

L
, 0 ≤ β(1− αµ) ≤ 1

}
,

S2 :=

{
(α, β) :

1

L
< α ≤ min

{
2

L
,

1

µ

}
, αL− 1 ≤ 1

2β + 1
, β(1− αµ) ≤ 1

}
,

S3 :=

{
(α, β) :

1

µ
≤ α ≤ 2

L
,αL− 1 ≤ 1

2β + 1

}
,

(28)

with the convention that S3 is the empty set if µ < L
2 .

5We note that the stability region of a second-order difference equation that arises in accelerated algorithms that
are sublinearly convergent for weakly convex quadratic functions has been studied in [14], however these results do
not apply to the set S as we do not require the rate to be accelerated (we consider not only accelerated rates but
also any rate ρ less than one) and we consider strongly convex functions instead of the weakly convex.
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The following proposition gives a characterization of the H2 norm of the AG that we will need
to study for the optimization problem (24).

Proposition 3.5. Consider the dynamical system model (9) of AG algorithm with system matrices
AQ, B,C given by (6) and (23), and parameters (α, β) ∈ S. Then, the H2 norm of this system is

H2
2 (α, β) =

d∑
i=1

uα,β(λi) (29)

where µ = λ1 ≤ λ2 ≤ · · · ≤ λd = L are the eigenvalues of Q and

uα,β(λ) := α
1 + β + αλβ(2β + 1)

λ(1− β(1− αλ))(2 + 2β − αλ(1 + 2β))
. (30)

In the special case, choosing β = 0 reduces to the formula (17) derived for GD.

Since we have an exact characterization of the H2 norm, we can derive the optimality condi-
tions for the problem (24) by an approach similar to Proposition C.1 where the optimizer can be
characterized as a root of a polynomial. In dimension d = 2, the optimizer is easy to compute given
parameters µ and L; however in high dimensions, this is computationally expensive as it would
require determining all the eigenvalues of Q (there are typically other eigenvalues than µ and L).
Nevertheless, exploiting the convexity properties of the H2

2 function, we develop a tractable upper
bound to the function Fτ (α, β) that is easy to optimize. We defer the technical details to the
appendix, however we present numerical experiments in the next section that illustrate that this
approach can lead to good approximations to the optimal parameters.

4 Numerical Experiments
Our first set of experiments, illustrated in Figure 3, concern a further study of Example 3.2 for
comparing AG and GD in terms of performance. We vary the trade-off parameter from τ = 0 to
τ =∞ and plot the robustness level H2

2 (α∗(τ), β∗(τ)) versus the rate ρ(α∗(τ), β∗(τ)) corresponding
to the optimal parameters (α∗(τ), β∗(τ)), we do the same for GD as in Figure 1. We observe that for
the same achievable rate, the optimized AG parameters lead to more robust algorithms compared
to the optimized GD algorithms as AG have an additional parameter to optimize over. This shows
that AG can improve GD in terms of both convergence rate and robustness at the same time when
gradients are subject to white noise, which is not the case for deterministic gradient errors in the
worst case [9]. It is interesting that the popular choice of parameters (blue and red dots), as well
as the parameters that lead to the optimal (fastest) rate (green and purple dots) lie on the curves
that trade robustness with rate in an optimal fashion.

Figure 3: Robustness to gradient noise in
terms of H2 norm as a function of the con-
vergence rate ρ.

Figure 4: H2
2 , computed both accurately and

by upper bound, as a function of the conver-
gence rate for d = 100.

In higher dimensions, optimizing the costs (20) and (24) accurately is expensive. Therefore, we
choose the parameters based on optimizing the upper bounds developed in Section H which can be
done efficiently. Figure (4) plots the convergence rate and the H2 norm obtained by solving (24)
accurately versus solving it approximately based on optimizing an upper bound. The objective is

8



a random quadratic function in dimension d = 100 with parameters. Our results show that for any
trade-off parameter τ our upper bound is within a factor of 2.5 of true parameters, illustrating the
quality of our approximation to the optimal parameter choice.

5 Conclusion
We consider the gradient descent (GD) and accelerated gradient (AG) methods for optimizing
strongly convex quadratic functions. We developed a computationally tractable framework to
design their parameters in a way to trade between two conflicting performance measures: the
convergence rate and the robustness to additive white noise in the gradient computations measured
in terms of final asymptotic variance of the algorithm output. We show that this robustness measure
is equal to the H2 norm of a dynamical system associated to the optimization algorithm and give
an explicit characterization of this quantity. Our results show that for the same achievable rate,
AG can always be tuned to be more robust. Similarly, for the same robustness level, we show that
AG can be tuned to be always faster than GD. We also give fundamental lower bounds on the
achievable robustness level for gradient descent for a given achievable rate.
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A Equivalence between the performance measure J and the
H2 norm

Lemma A.1. Consider the linear dynamical system (9) defined by the (AQ, B,C) matrices and
assume that the additive noise {wk} is a sequence of zero-mean, independent and identically dis-
tributed (i.i.d.) random variables with a covariance matrix E(wkw

T
k ) = σ2Id for some σ > 0. If

the spectral radius of AQ is less than one; then the limit (11) exists and is equal to the H2 norm
of the system, i.e. we have

J = H2
2 = lim

k→∞

1

σ2
E(ỹTk ỹk)

where H2 satisfies (12)–(14).

Proof. Let X be the solution of Lyapunov equation (13). Using (12) and (9), we obtain

E[ỹ>k ỹk]− σ2H2
2 = Tr(E[ỹkỹ

>
k ])− σ2 Tr(CXC>)

= Tr(CE[ξkξ
>
k ]C>)− σ2 Tr(CXC>)

= Tr(C(Vk − σ2X)C>)

(31)

where Vk is defined as Vk = E[ξkξ
>
k ]. Hence, it suffices to show that

lim
k→∞

Tr(C(Vk − σ2X)C>) = 0. (32)

To show this, first note that the following recursive equation holds using (9):

Vk+1 = E[ξk+1ξ
>
k+1]

= E[(AQξk +Bwk)(AQξk +Bwk)>]

= AQE[ξkξ
>
k ]A>Q +AQE[ξkw

>
k ]B> +BE[wkξ

>
k ]A>Q +BE[wkw

>
k ]B>

= AQVkA
>
Q + σ2BB>

(33)

where in the last equality we used the fact that wk are zero-mean with covariance matrix E[wkw
T
k ] =

σ2Id, and it is independent from ξk. Moreover, by (13) we have

X = AQXA
T
Q +BBT . (34)

Subtracting σ2X from both sides of (33) and replacing X by (34), we obtain

Vk+1 − σ2X = AQ(Vk − σ2X)A>Q

= AkQ(V1 − σ2X)(A>Q)k
(35)

where the last equality comes from recursively using the preceding equality. Since spectral radius
of AQ is less than one, if we consider the Jordan decomposition of AQ, it follows that AkQ → 0 as
well as (A>Q)k → 0 as k →∞. This proves (32) as desired.

B Proof of Theorem 3.1
We first show that without loss of generality we can assume Q is a diagonal matrix, this simplifies
the proof argument. To show this, let Q = UΛUT be the eigenvalue decomposition of Q where U
is a unitary matrix and Λ = diag(λ1, ..., λd) is a diagonal matrix containing the eigenvalues of Q.
We also define AΛ = Id − αΛ which is a diagonal matrix. Multiplying AQ by UT and U from left
and right respectively yields to

UTAQU = UT (Id − αQ)U = Id − αΛ = AΛ. (36)

Similarly, we multiply the Lyapunov equation (13) from left and right by UT and U respectively
which implies that

UTAQXA
T
QU − UTXU + α2Id = 0

11



where we used the fact that B = −αId for the dynamical system representation of the gradient
descent (see (3)). It follows from (36) that AQ = U(Id − αΛ)UT , plugging this into the Lyapunov
equation above, we obtain

(Id − αΛ)UTXU(Id − αΛ)− UTXU + α2Id = 0.

This means that the matrix UTXU solves the Lyapunov equation obtained by replacing AQ by AΛ

in (13). Furthermore, the H2 norm after this substitution (corresponding to the system matrices
(AΛ, B,C)) would be equal to√

Tr(CUTXUC) =
√

Tr(UTXU) =
√

Tr(X) =
√

Tr(CXCT )

where we used the fact that C = Id in the dynamical system representation of the gradient descent
(see (3)). Therefore, the value of the H2 norm would be invariant if we were to replace Q by Λ
and solve the Lyapunov equations for the triplet (AΛ, B, C). It is straightforward to verify that

X = diag(
α2

1− (1− αλ1)2
, ...,

α2

1− (1− αλd)2
)

satisfies the Lyapunov equation for (AΛ, B,C), and plugging it into (12) completes the proof.

C First-order optimality conditions for the objective Fτ(α)
Proposition C.1. There exists an optimizer α∗(τ) to the minimization problem (20). Further-
more, any optimizer is either α∗(τ) = 2/(µ+L) or it satisfies one of the following two conditions:

α2
d∑
i=1

1

λi(2− αλi)2
+

τ(αµ− 1)

µ(2− αµ)2
= 0 and |1− αµ| > |1− αL|. (37)

α2
d∑
i=1

1

λi(2− αλi)2
+

τ(αL− 1)

L(2− αL)2
= 0 and |1− αµ| < |1− αL|. (38)

Therefore, by examining the values of F at the points that satisfy this equality and inequality
constraints, we can determine the optimal stepsize α∗(τ).

Proof. To solve (20) explicitly note that

1

1− ρ2
=

{
1

1−(1−αµ)2 if |1− αµ| > |1− αL|
1

1−(1−αL)2 if |1− αµ| ≤ |1− αL|
.

The optimal α∗ cannot be attained on the boundary points of the interval [0, 2/L] as the objective
F is infinite at these points. Therefore, the optimum is attained at an interior point of the interval
[0, 2/L] where F is differentiable with respect to α except when |1 − αµ| = |1 − αL|, i.e. when
α = 2/(µ+ L). For α∗ 6= 2/(µ+ L), we can write-down the first-order conditions of optimality

∂F

∂α
= 0

which leads to (37) and (38).

D Proof of Proposition 3.3
It follows from (15) that for every i ∈ {1, ..., d}, we have ρ ≥ |1− αλi|. This implies that

1

1− ρ2
≥ 1

1− (1− αλi)2
.

Multiplying both sides by α2

1−(1−αλi)2
and summing over all i yields

1

1− ρ2

d∑
i=1

α2

1− (1− αλi)2
≥

d∑
i=1

α2

(1− (1− αλi)2)2
.

12



Then, tt follows from (17) that

1

1− ρ2
H2

2 ≥
d∑
i=1

α2

(1− (1− αλi)2)2
. (39)

The right hand side of (39) admits a lower bound as follows

d∑
i=1

α2

(1− (1− αλi)2)2
=

d∑
i=1

α2

(αλi(2− αλi))2

=

d∑
i=1

1

λ2
i (2− αλi)2

≥
d∑
i=1

1

4λ2
i

.

(40)

where the last inequality stems from the fact that |2−αλi| ≤ 2. Using the lower bound (40) along
with (39) completes the proof.

E Proof of Proposition 3.4
In the light of the formula (26) that characterizes ρ(AQ), the closure of the stability set S admits
the representation

S = Sµ ∩ SL (41)

where for λ ∈ {µ,L} we define

Sλ = {(α, β) : ρλ(α, β) ≤ 1, α ≥ 0, β ≥ 0} ⊂ R2. (42)

We first write Sλ as a union of two disjoint sets depending on the signature of ∆λ:

Sλ = Sλ,1 ∪ Sλ,2

where

Sλ,1 = Sλ ∩ {(α, β) : ∆λ ≤ 0}, Sλ,2 = Sλ ∩ {(α, β) : ∆λ > 0}. (43)

It follows from the definition of ∆λ in (27) that ∆λ ≤ 0 if and only if

0 ≤ 1− αλ ≤ 4β

(1 + β)2
(44)

and similarly, we have ∆λ ≥ 0 if and only if

1− αλ ≤ 0 or 1− αλ ≥ 4β

(1 + β)2
. (45)

If (44) holds then, ρλ =
√
β(1− αλ) ≤ 1 if and only if

0 ≤ 1− αλ ≤ 1

β
.

Therefore,

Sλ,1 = {(α, β) : 0 ≤ 1− αλ ≤ min{ 1

β
,

4β

(1 + β)2
}}. (46)

We next focus on Sλ,2. If (45) is satisfied, then ρλ ≤ 1 if and only if

1

2
(1 + β)(1− αλ)sign(1− αλ) +

1

2

√
∆λ ≤ 1. (47)

There are two cases:
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• ∆λ > 0 and 1− αλ < 0: In this case, ρλ ≤ 1 if and only if√
∆λ ≤ 2− (1 + β)cλ

where cλ = −(1− αλ) > 0. By squaring both sides, this is if and only if,

∆λ ≤ (2− (1 + β)cλ)2 and 2− (1 + β)cλ ≥ 0

The first inequality holds if

cλ = −(1− αλ) ≤ 1

2β + 1

whereas the second inequality holds if

cλ = −(1− αλ) ≤ 2

β + 1
.

The first inequality is more binding, if it holds the second inequality holds too. Therefore,

{(α, β) : 0 ≤ −(1− αλ) ≤ 1

2β + 1
} ⊂ Sλ,2. (48)

• ∆λ > 0 and 1− αλ > 0: In this case, ρλ ≤ 1 if and only if√
∆λ ≤ 2− (1 + β)dλ

where dλ := −cλ = (1− αλ) > 0. After squaring both sides, this is if and only if

∆λ ≤ (2− (1 + β)dλ)2 and 2− (1 + β)dλ ≥ 0 (49)

where the first inequality simplifies to 1 ≥ dλ. (49) along with (45) means

4β

(1 + β)2
≤ 1− αλ ≤ min{1, 2

1 + β
}

which implies β ≤ 1, and therefore

{(α, β) :
4β

(1 + β)2
≤ 1− αλ ≤ 2

1 + β
} ⊂ Sλ,2. (50)

Merging (46), (48), and (50) yields

Sλ =

{
(α, β) : 1− αλ ∈

[
− 1

1 + 2β
,min{ 1

β
,

2

1 + β
}
]}

. (51)

In order to complete the proof, due to the representation (42), it suffices to compute the intersection
Sµ ∩ SL. There are several cases to consider depending on the value of α:

• First, consider α ∈ [0, 1
L ]. In this case 1− αµ ≥ 1− αL ≥ 0, and hence (51) implies

1− αµ ≤


2

1 + β
if β ≤ 1 (52)

1

β
if β ≥ 1. (53)

Nevertheless, if β ≤ 1 then 2
1+β ≥ 1, so the first case always holds. As a result, the above

inequality simplifies to
(1− αµ)β ≤ 1.

• Now, assume α ∈ [ 1
L ,min{ 2

L ,
1
µ}]. Then 1− αµ ≥ 0 ≥ 1− αL, and thus (51) yields

1− αL ≥ − 1

1 + 2β
, 1− αµ ≤ min{ 1

β
,

2

1 + β
}

where the second inequality again simplifies to (1− αµ)β ≤ 1.

• The last possible case happens when µ ≥ L
2 , and so α ∈ [ 1

µ ,
2
L ] is possible. In this case

1− αL ≤ 1− αµ ≤ 0, and so using (51), we just need to check

1− αL ≥ − 1

1 + 2β

Considering all these cases along with the fact that (51) shows α cannot be greater than 2
L completes

the proof.
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F Proof of Proposition 3.5
Proof. Similar to the analysis for the gradient descent, we can assume without loss of generality
that Q is diagonal. The proof is also similar. Consider UΛUT be the eigenvalue decomposition of
Q. Then AQ in (23) can be written as

AQ = ŨAΛŨ
T (54)

where
Ũ =

[
U 0d
0d U

]
, AΛ =

[
(1 + β)(Id − αΛ) −β(Id − αΛ)

Id 0d.

]
(55)

Replacing AQ from (54) in Lyapunov equation (13) implies

ŨAΛŨ
TXŨATΛŨ

T −X +BBT = 0. (56)

Multiplying by Ũ and ŨT from right and left respectively yields

AΛŨ
TXŨATΛ − ŨTXŨ +BBT = 0 (57)

where we used the fact that B in (6) has the property that ŨTBBT Ũ = BBT .
Equation (57) shows that ŨTXŨ satisfies the Lyapunov equation when AQ is replaced by AΛ, and
therefore the H2 norm after substituting Q by Λ would be equal to√

Tr(CŨTXŨCT ) =

√
Tr(ŨCTCŨTX)

=
√

Tr(CTCX)

=
√

Tr(CXCT )

where the first and last equality come from cyclic property of the trace, and the second equality is
true for C in (6). This result basically completes the proof of our claim that we can assume Q is
diagonal. For simplicity we will continue our analysis with AQ, assuming its a diagonal matrix.
Let Pπ be the permutation matrix associated with the permutation π over {1, 2, ..., 2d} that satisfies

π(i) =

{
2i− 1 if 1 ≤ i ≤ d (58)
2(i− d) if d+ 1 ≤ i ≤ 2d. (59)

Also, it is well-known that permutation matrices satisfy

P−1
π = PTπ = Pπ−1 . (60)

Multiplying Lyapunov equation (13) by Pπ and PTπ from left and right respectively, along with
using (60) leads to

(PπAQP
T
π )Y (PπA

T
QP

T
π )− Y + PπBB

TPTπ = 0 (61)

where Y = PπXP
T
π . Considering (23), PπAQPTπ is a block diagonal matrix in the following form

T1 0d . . . 0d
0d T2 . . . 0d
...

...
. . .

...
0d 0d . . . Td


where

Ti =

[
(1 + β)(1− αλi) −β(1− αλi)

1 0

]
where 0 < µ = λ1 ≤ λ2 ≤ ... ≤ λd = L are eigenvalues of Q. Also,

BBT =

[
α2Id 0d
0d 0d

]
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, and so PπBBTPTπ is a 2d times 2d diagonal matrix with α2 on entries (1, 1), (3, 3), ..., (2d−1, 2d−1)
and zero elsewhere. Hence, Y as the solution of (61), would be a block diagonal matrix in the form
of 

Y1 0d . . . 0d
0d Y2 . . . 0d
...

...
. . .

...
0d 0d . . . Yd


where

Yi =

[
yui yoi
yoi ydi

]
satisfies the equality[

(1 + β)(1− αλi) −β(1− αλi)
1 0

] [
yui yoi
yoi ydi

] [
(1 + β)(1− αλi) 1
−β(1− αλi) 0

]
−
[
yui yoi
yoi ydi

]
+

[
α2 0
0 0

]
= 0

We observe that this leads to linear equations to solve for yui , yoi and ydi :(1 + β)2(1− αλi)2 − 1 −2β(1 + β)(1− αλi)2 β2(1− αλi)2

(1 + β)(1− αλi) −1− β(1− αλi) 0
1 0 −1

yuiyoi
ydi

 =

−α2

0
0

 .
Solving this system of equations, we obtain:

yui = ydi = α2 1 + β(1− αλi)
αλi(1− β(1− αλi))(2 + 2β − αλi(1 + 2β))

yoi =
α2(1 + β)(1− αλi)

αλi(1− β(1− αλi))(2 + 2β − αλi(1 + 2β))
.

(62)

And now, the H2 norm can be computed using

Tr(CXCT ) = Tr(CPTπ Y PπC
T )

= Tr(PπC
TCPTπ Y ).

(63)

The matrix PπCTCPTπ is block diagonal with two times two matrices[
(1 + β)2 −β(1 + β)
−β(1 + β) β2

]
on its diagonal. Therefore, using (62), the H2 norm is equal to

d∑
i=1

α2 (β2 + (1 + β)2)(1 + β(1− αλi))− 2β(1 + β)2(1− αλi)
αλi(1− β(1− αλi))(2 + 2β − αλi(1 + 2β))

=

d∑
i=1

α2 1 + β + αλiβ(2β + 1)

αλi(1− β(1− αλi))(2 + 2β − αλi(1 + 2β))

(64)

which completes the proof.

G Convexity of uα,β(λ)
We next show that the function uα,β(λ) appearing in the definition of theH2 norm of the dynamical
system representation of the AG algorithm is convex with respect to λ.

Lemma G.1. Let (α, β) ∈ S where S is the stability region of the dynamical system representation
of AG given by (25). The function uα,β(λ) defined by (30) is convex on the interval [µ,L].

Proof. Since the H2 norm is finite on S, the term uα,β(λ) appearing in the characterization of the
H2 norm is finite for every λ ∈ [µ,L] as well. In particular the function uα,β is differentiable up
to arbitrary order with respect to both α and β for any (α, β) ∈ S. Let (α, β) ∈ S is given. We
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necessarily have α > 0, otherwise if the stepsize α = 0, the AG iterations would clearly not be
convergent. Assume that β > 0, the case β = 0 can be treated similarly. The function uα,β is of
the form

uα,β(λ) = u
(1)
α,β(λ) + u

(2)
α,β(λ)

where
u

(1)
α,β(λ) =

α(1 + β)

λ(1− β(1− αλ))(2 + 2β − αλ(1 + 2β))
,

and

u
(2)
α,β(λ) =

α2β(2β + 1)

(1− β(1− αλ))(2 + 2β − αλ(1 + 2β))
.

It suffices to show that u(1)
α,β(λ) and u

(2)
α,β(λ) are convex over [µ,L] as a function of λ which will

imply that the sum uα,β(λ) is convex. For this purpose,

u
(1)
α,β(λ) =

a1

λ(λ+ b1)(c1 − λ)
, u

(2)
α,β(λ) =

a2

(λ+ b2)(c2 − λ)
,

for some constants ai, bi and ci that depend only on α and β for i = 1, 2. In particular,
a1, a2, c1, c2 > 0 and due to the positivity of the H2 norm, the quadratic terms in the denom-
inators satisfy

qi(λ) = (λ+ bi)(ci − λ) > 0 for any λ ∈ [µ,L], and i = 1, 2.

where qi is concave. We also have

log u
(1)
α,β(λ) = log(a1)− (log λ+ log q1(λ)) (65)

log u
(2)
α,β(λ) = log(a2)− log q2(λ). (66)

The function x 7→ log(x) is concave and is increasing over (0,∞). Since the composition of a
concave, non-decreasing function with a concave function is concave in dimension one; the functions
log λ + log q1(λ) and log q2(λ) are both concave. Then, it from the above formulas (65)-(66) that
both u

(1)
α,β(λ) and u

(2)
α,β(λ) are log-convex. This implies that both functions are convex and their

sum uα,β(λ) is convex. This completes the proof.

H Tractable upper bounds for the objective Fτ(α, β) in arbi-
trary dimensions

Although computing the optimizer to (24) is easy to do in dimension d = 2, for higher dimensions,
this is computationally challenging; because the optimizer depends on the eigenvalues λi of Q that
are not known in general. Computing all the eigenvalues can be as expensive as optimizing the
objective function f . Therefore, we next develop computationally tractable upper bounds to the
objective Fτ (α, β) that depends only on µ and L instead of all the eigenvalues {λi}di=1.

First, we show in Lemma G.1 that the function uα,β(λ) defined in (30) is convex in λ ∈ [µ,L]
for fixed (α, β) ∈ S. Therefore, its maximum is attained at one of the ends of this interval, i.e.

uα,β(λ) ≤ ūα,β := max [uα,β(µ), uα,β(L)] for λ ∈ [µ,L].

Substituting this upper bound in (29) and (24) leads to the following upper bound on the H2 norm

H2
2 (α, β) ≤ H̄2

2 (α, β) := dūα,β (67)

and the relaxed optimization problem

(α∗, β∗) := arg min
(α,β)∈S

F̄τ (α, β) := H̄2
2 (α, β) + τ

1

1− ρ(α, β)2
. (68)

This objective is differentiable everywhere in the interior of the stability region S except when the
first term is not differentiable when uα,β(µ) = uα,β(L) and the second term is not differentiable
when ρµ = ρL or ∆µ = 0 or ∆L = 0. Furthermore, following a similar approach to Example 3.2, the
first order optimality conditions with respect to α and β results in low-order polynomials (that are

17



independent from the dimension d) which can be solved efficiently up to any accuracy. Then, after
checking a finite set of non-differentiable points; the optimization problem has the computational
complexity equivalent to computing the roots of a polynomial of a small order which is cheap to
compute in high dimensions. Our results reported in the numerical experiments section show that
this upper bound results in good performance in terms of trading the speed and the robustness of
an algorithm.
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